Abstract -We have investigated the influence of X-ray irradiation on the vertical structure of the outer accretion disk in low-mass X-ray binaries by performing a self-consistent calculation of the vertical structure and X-ray radiation transfer in the disk. Penetrating deep into the disk, the field of scattered X-ray photons with energy E 10 keV exerts a significant influence on the vertical structure of the accretion disk at a distance R 10 10 cm from the neutron star. At a distance R ∼ 10 11 cm, where the total surface density in the disk reaches Σ0 ∼ 20 g cm −2 , X-ray heating affects all layers of an optically thick disk. The X-ray heating effect is enhanced significantly in the presence of an extended atmospheric layer with a temperature Tatm ∼ (2 ÷ 3) × 10 6 K above the accretion disk. We have derived simple analytic formulas for the disk heating by scattered X-ray photons using an approximate solution of the transfer equation by the Sobolev method. This approximation has a 10 % accuracy in the range of X-ray photon energies E < 20 keV.
INTRODUCTION
Low-mass X-ray binaries (LMXBs) consist of a neutron star or a black hole in a pair with an optical star of mass M 1M ⊙ . The companion star in a close binary fills its Roche lobe and outflows onto a compact object with the formation of an accretion disk.
The possibility of irradiation of the outer accretion disk in X-ray binaries was first pointed out by Shakura and Sunyaev (1973) . Since the outer accretion disk has a curved surface (H ∝ R n , n = 9/8 for a standard disk), the fraction of the X-ray flux from the central source that is absorbed and "thermalized" near the disk surface depends on radius as Q ⋆ ∝ 1/R 2 . At the same time, the intrinsic energy release (through viscosity) in the disk decreases with radius faster: Q vis ∝ 1/R 3 . For a binary with a neutron star, the disk surface heating through irradiation exceeds the intrinsic energy release already at radii R 10 9 cm.
The vertical structure of the outer accretion disk in LMXBs with direct irradiation from the central source was investigated by many authors (see, e.g., Tuchman et al. 1990 ; Vrtilek et al. 1990 ; Dubus et al. 1999 ). The X-ray flux is commonly assumed to be thermalized near the accretion disk photosphere (see, e.g., Dubus et al. 1999) . In this case, external irradiation has no significant influence on the vertical structure of the disk as a whole (Lyutyi and Sunyaev 1976) . Indeed, surface heating affects the temperature in the central plane of the accretion disk if the following condition * e-mail: mesch@iki.rssi.ru is met:
where τ 0 is the total optical depth of the disk in the vertical direction for intrinsic radiation. The standard disk (Shakura and Sunyaev 1973 ) has a fairly large optical depth in the vertical direction (τ 0 500). The surface heating of such a disk cannot have a significant effect on the conditions in the central plane up to very large radii. The model of a vertically isothermal accretion disk (Vrtilek et al. 1990 ) is commonly used to describe LMXB observations. For example, the disk thickness at the outer edge was estimated in this model from the observed amplitude of optical variations on the light curves of LMXBs (de Jong et al. 1996) , H/R ≈ 0.2, which is a factor of 2 ÷ 3 larger than the thickness of an unirradiated standard disk (Shakura and Sunyaev 1973) . Note that using the simple model of an isothermal disk (Vrtilek et al. 1990 ) to describe observations is inconsistent with the assumption about X-ray heating of only the surface. As has been noted above, such heating has no significant effect on the vertical disk structure, including the temperature profile.
The necessity of an increase in the accretion disk thickness at the outer edge by a factor of 1.5 ÷ 2 compared to the standard disk thickness also follows from the modeling of the observed X-ray light curves (Esin et al. 2000 ; Suleimanov et al. 2008) . Note that this excess thickness can be explained by the presence of a hot atmosphere (see below) or a population of relatively cold clouds embedded in the atmosphere (Suleimanov et al. 2003 ) above the disk.
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In an unirradiated accretion disk at a radius R ≈ 5 × 10 10 cm, the temperature on the photosphere drops below 10000 K. As a result, a zone with incomplete hydrogen ionization appears in the disk and thermal instability must disrupt the stationary regime of accretion. On the other hand, as follows from observations, the semimajor axis of the orbit in persistent long-period LMXBs with known parameters (see, e.g., Table 1 in Gilfanov and Arefyev 2005) can be a ≈ (2 ÷ 5) × 10 12 cm (the binaries GX 13+1 and Cyg X-2). The outer radius of the stationary accretion disk in such binaries, R out ≈ (2 ÷ 8) × 10 11 cm , is considerably larger than the radius at which a zone with incomplete hydrogen ionization appears in an unirradiated disk.
The disk heating through X-ray irradiation, in principle, can increase the disk temperature, thereby moving the region with incomplete hydrogen ionization farther along the disk radius. However, as was shown previously (see, e.g., Dubus et al. 1999 ), the central X-ray source cannot directly irradiate the outer disk region where hydrogen transformed into a neutral state, because the disk thickness in this zone decreases sharply (due to an increase in themolecular weight of the material during hydrogen recombination). The problem with the screening of the outer accretion disk can be resolved by assuming the presence of a scattering atmosphere with a temperature T atm ≈ (2 ÷ 3)10 6 K above the disk. X-ray irradiation changes greatly the structure of the nearsurface layers in an accretion disk. A thick hot (T ∼ (10 6 ÷ 10 7 ) K) plasma layer, which we call an atmosphere, can be formed above its surface. The calculations of a hot extended atmosphere applicable to the accretion disks in LMXBs were performed in a number of works (Raymond 1993 As was shown by Jimenez-Garate et al. (2002) , there exists a feedback mechanism between the disk irradiation and the thickness of its atmospheric layer, which leads to a significant increase of the latter. The atmospheric layer is optically thin in the vertical direction but optically thick in radial coordinate. Thus, for X-ray photons from the central source, the thickness of the outer accretion disk increases by the height of the atmosphere. For example, in the above paper, the half-thickness of a disk with an atmosphere at R = 10 11 cm was found to be z atm /R ≈ 0.11 ÷ 0.20 for an accretion rate in the rangeṀ = (0.1 ÷ 1)Ṁ Edd , while the disk half-thickness at the photospheric level was z ph /R ≈ 0.062 ÷ 0.083 in the same range ofṀ. The presence of an extended atmosphere above the disk (as in Jimenez-Garate et al. 2002) naturally explains the enhanced disk thickness at the outer edge H/R ≈ 0.2 found by de Jong et al. (1996) .
Here, we constructed a self-similar model of an irradiated accretion disk by taking into account the scattering of X-ray photons in the disk. We also took into account the possibility that an extended atmosphere was present above the disk (we took the atmospheric parameters from Jimenez-Garate et al. (2002) , see §2.1). We expect that the Xray photons after their scattering in the disk and the atmosphere can penetrate and be thermalized deeper in the disk than the direct photons from the central source. As will be shown below, the scattering effect leads to deep heating of all disk layers in z coordinate at a radius R ∼ 10 11 cm. In this case, the disk still remains optically thick for intrinsic radiation.
The paper is organized as follows. In Section 2, we consider our model for calculating the vertical structure of an irradiated disk that includes the calculation of the transfer of X-ray photons in the disk and the atmosphere by the Sobolev method (Sect. 2.2) and the determination of the vertical disk structure under the photosphere (Sect. 2.3). The results of our calculation of the vertical structure of an irradiated accretion disk and their discussion are presented in Section 3. In the final section, we summarize our conclusions.
CALCULATING THE VERTICAL STRUCTURE OF THE OUTER ACCRETION DISK WITH IRRADIATION FROM A CENTRAL X-RAY SOURCE

Irradiation Parameters
Consider a geometrically thin, optically thick accretion disk around a neutron star of mass M = 1.4 M ⊙ in a LMXB. We assume the accretion rate in the disk to be constant: M = const. The chemical composition of the disk corresponds to the cosmic elemental abundances: X=0.73, Y=0.25, Z=0.017 (Allen 1973) .
The X-ray radiation comes from a region near the compact object (a point source for the outer disk) and has an energy spectrum S(E) corresponding to bremsstrahlung with a temperature T sp = 8 keV. In the energy range 1 ÷ 20 keV, the spectrum is
This model spectrum corresponds to the observed X-ray spectra of persistent LMXBs that can be described by a bremsstrahlung spectrum with a temperature T sp = 5 ÷ 10 keV (Liu et al. 2001 ). The disk-neutron star boundary layer is probably the main source of the radiation illuminating the outer accretion disk regions. The X-ray luminosity of the central source is
whereṀ is the mass accretion rate, the accretion efficiency onto the neutron star is assumed to be ǫ X ≈ 0.1. An X-ray flux (the central source is assumed to be a pointlike and isotropically emitting one),
is incident on the outer disk at radius R. Note that Eq. (4) is approximate. Thus, assuming the Xray radiation to come from a boundary layer with a thickness much smaller than the neutron star radius without relativistic effects, 2π 2 must appear in the denominator of Eq. (4) instead of the coefficient 4π.
The angle between the direction of incidence of the X-ray photons and the inward normal to the disk/atmospheric layer surface (see Fig. 1 ) is
where the function H(R) represents the dependence of the disk half-thickness (or the atmosphere height) on radius for X-ray photons. If the shape of the geometrically thin (H/R ≪ 1) disk/atmosphere can be described by a power-law dependence on radius H(R)∝R n , then the irradiation parameter ζ 0 = cosΘ 0 is expressed as
We considered two models for the irradiation of the outer accretion disk: with and without an atmospheric layer above the disk.
(1) The irradiation of a disk without an atmosphere.
In this case, the disk thickness for X-ray photons corresponds to the photospheric level H = z ph for intrinsic radiation. The irradiation parameter ζ 0 depends on disk thickness and index n ph (see Eq. (6)). We found zph simultaneously with the solution of the equations for the vertical disk structure (see below). We fixed the power-law slope of the surface at n ph = 9/8 (which corresponds to the outer parts of an unirradiated standard disk).
(2) The irradiation of a disk with an atmosphere.
There is an atmospheric layer that is optically thin in the vertical direction (τ ≪ 1), but optically thick in the radial direction above the disk photosphere (for the possibility of the appearance of such a layer above the outer accretion disk, see Jimenez-Garate et al. 2002) .
A detailed calculation of the structure of an extended layer above an accretion disk is a nontrivial problem that is beyond the scope of this paper. To specify the parameters of the atmosphere above the disk, we used the results of atmospheric-layer calculations from Jimenez-Garate et al. (2002) obtained with similar irradiation parameters and chemical composition of the accretion disk. In the above paper, the atmosphere was assumed to be in hydrostatic equilibrium. The stationary model atmosphere is applicable for most LMXBs with X-ray emission lines from a photoionized plasma observed in their spectra (X-ray pulsars and Xray binaries with orbital inclinations i > 70
• ), except for binaries with a strong outflow of matter from the accretion disk (for more detail, see the discussion in §8.1 of JimenezGarate et al. (2002)).
The disk thickness for X-ray photons corresponds to the photospheric level H = z atm . We assumed z atm and the slope of the surface of the atmospheric layer natm at a given radius to be (see Jimenez-Garate et al. 2001)
The total surface density in the atmospheric layer above the disk (see Fig. 14 
According to the calculations by Jimenez-Garate et al. (2002) , the bulk of the surface density in the atmospheric layer is accumulated in a zone with a temperature T ≈ 2 ÷ 3 × 10 6 K, where the balance between heating and cooling is maintained by the photoionization/recombination of hydrogenand helium-like ions. A more rarefied region with a temperature T 2 × 10 7 K, where the Compton heating and cooling processes dominate, lies higher. Its contribution to Σ atm is, on average, ∼ 15% at radii R = 10 10 ÷ 10 11 cm. As follows from the cited calculation, the total surface density in the atmospheric layer Σ atm is virtually independent of the radius in this range of R.
In our simplified model of the atmospheric layer, we assumed its temperature to be T atm ≈ 2 × 10 6 K. The pressure ASTRONOMY LETTERS Vol. 37 No. 5 2011 near the base of an isothermal atmosphere is
where ℜ is the universal gas constant, Ω K = GM/R 3 is the angular Keplerian velocity at radius R, µ atm is the molecular weight of the material, z s is the height near the base of the atmospheric layer, z 0 = 2ℜTatm
, and the function Φ(x) is
Since the height near the base of the atmospheric layer z s ≈ z ph , we obtain zs z0
1 and Φ(z s /z 0 ) ≈ 1. Thus, the formula for the pressure near the base of the atmosphere takes the form
The molecular weight of the material in the atmospheric layer (a completely ionized medium) is µ atm = 0.6.
Calculating the X-ray Radiation Transfer in the Disk and the Atmospheric Layer in the Sobolev Approximation
Being absorbed and thermalized in subphotospheric layers, the X-ray radiation can serve as an additional disk heating source.
To determine the mean intensity and flux of Xray photons in the accretion disk, we solved the onedimensional problem of X-ray photon transfer in a layer of finite thickness in the Sobolev approximation (see the Appendix). The following simplifications were used:
1. The scattering in the medium was assumed to be coherent (Thomson scattering). This approximationmay be considered justified, because the radiation incident on the disk has a fairly soft spectrum. The effect fromthe change in the frequency of photons due to the direct Compton effect as they are scattered in the disk will be small for photons with energy E < 20 keV (for more detail, see below).
In solving the transfer equation, we use the Eddington approximation (see Eq. (A14)).
3. We divided a plane-parallel layer of finite thickness into three zones in each of which the absorption coefficient depends only on frequency: κ = κ(ν). The central zone corresponds to a cold disk (κ = κ d ), while the zones at the top and the bottom describe the atmospheric layer on both sides of the disk (κ = κ atm ) (see Fig. 1 ).
We assume that the opacity in the disk is determined by photoabsorption for a cold gas (Morrison and McCammon 1983) :
For the atmosphere, we will consider two cases:
• a completely scattering atmosphere:
• the absorption and scattering coefficients in the atmosphere are approximately equal:
where σ is the scattering coefficient.
Solving the transfer equation for X-ray photons by the Sobolev method, we obtained fairly simple analytic formulas for the mean intensity and flux of X-ray photons at a given frequency as a function of the surface density (which is accumulated from the surface deep into the disk) Σ and parameters Σ 0 , Σ atm , as well as the specified X-ray opacities κ 
where Σ 0 is the total surface density in the disk. Here and below, the superscript ν emphasizes the dependence of a quantity on frequency.
The mean intensity and flux of X-ray photons in the disk at frequency ν are (for more detail, see Appendix 1)
where τ ν 0 is the total optical depth of the disk in the vertical direction for X-ray radiation at frequency ν,
is the absorption coefficient for X-ray photons with frequency ν in the disk, σ is the scattering coefficient,
. For a disk without an extended atmosphere, the coefficients D ν and C ν are defined by Eqs. (A23) and (A27), respectively. For a disk with an atmosphere, the coefficient D ν , as above, is calculated from Eq. (A23), while the coefficient C ν has a slightly more complex form (see (A49)). Note that D ν is not an independent coefficient; it is related to C ν (see, e.g., Eq. (A27)). The additional heating of the disk by X-ray photons of a given frequency ǫ ν is proportional to their mean intensity:
Note that J ν tot tot includes both primary and scattered Xray photons.
The local energy release in the disk through its irradiation by X-ray photons with a spectrum S(ν) is
The total heating of the disk from the photosphere to the central plane through its irradiation is
where Σ ph is the surface density in the layers above the disk photosphere.
The accuracy of the approximate solution of the transfer equation by the Sobolev method when calculating the field of X-ray photons in the disk.
It is necessary to estimate the accuracy of the simple formulas for the flux and mean intensity of X-ray photons in the disk (17) and (18) derived by the Sobolev method. For this purpose, we compared the plane albedos of a semi-infinite layer A Sob (Eq. (A39)) obtained by the Sobolev method for various incident X-ray photon energies (we used the energy dependence of the absorption coefficient κ MM (E) for a cold gas) with the exact albedos:
• A exact -the exact albedos for coherent scattering with the Rayleigh phase function were calculated via the Chandrasekhar H-functions (for more detail, see Appendix 3).
• A comp sim -the albedos for scattering with the Compton effect. To calculate A comp sim , we used the method of Monte Carlo numerical simulations (see, e.g., Pozdnyakov et al. 1983). The semi-infinite layer was assumed to be cold, kT ≪ m e c 2 ; 10 7 trial photons were taken for each albedo. To estimate the accuracy of our Monte Carlo simulations, we also determined the albedo by this method for coherent scattering A sim , which can be compared with its exact value of A exact . Figure 2 shows the dependence of various albedos (A sob , A exact , A sim , A comp sim ) on energy E (upper plots) and ratios A sob /A exact , A sim /A exact , and A comp sim /A exact (lower plots) for two angles of incidence of the X-ray photons on the disk, cos θ 0 = 0.1 (left) and cos θ 0 = 1.0 (right). We can estimate the accuracy of the derived approximate formulas (17) and (18) for the mean intensity and flux of X-ray photons in the disk as 10% for photons with energy E < 20 keV.
Note that calculating the field of X-ray photons with a higher accuracy will require solving the problem of X-ray photon transfer in the disk by taking into account the frequency change in each scattering. This problem can be solved numerically (for a cold, geometrically thin disk, see, e.g., Psaltis 2002).
The System of Equations for the Vertical Structure of a Disk Irradiated by a Central X-ray Source and its Solution
The vertical structure of the accretion disk at a given radius can be calculated under the assumption of a standard α-disk (Shakura and Sunyaev 1973); the (r, φ) component of the viscous stress tensor in the disk is proportional to the pressure w rφ = αP. Here, we assumed that α = 0.5.
Denote the density, temperature, energy flux in the vertical direction toward the surface, surface density, (Rosseland) optical depth and opacity, and the photospheric level for intrinsic radiation (from the disk midplane) by ρ, T , Q, Σ, τ r , κ r , and z ph , respectively. Let us introduce the vertical coordinate z ′ measured from the photospheric level deep into the disk (see Fig. 1 ). The surface density Σ is also measured toward the central plane of the accretion disk:
where Σ ph is the surface density in a column of material above the disk photosphere; the total surface density is Σ 0 in the disk and Σ = Σ 0 /2 in the its central plane.
To solve the one-dimensional problem of the vertical accretion disk structure at a given radius (R), we sought a numerical solution of the following system of ordinary differential equations (see also Suleimanov et al. 2007 ):
1. The equation of hydrostatic equilibrium in z coordinate:
The contribution from the radiation pressure is insignificant in the outer disk: P gas ≫ P rad . We neglect the contribution from P rad to the total pressure by assuming that P = P gas .
2. The equation of energy transfer by radiation in z coordinate (in the diffusion approximation):
Note that the Rosseland approximation (24) is applicable only for fairly deep layers, τ r 1, under the disk photosphere. As long as the accretion disk is optically thick in the vertical direction (τ r 0 ≫ 1), using the diffusion approximation to determine the vertical disk structure is justified. At the same time, to find, for instance, the radiation spectrum from the accretion disk, the radiative transfer in the near-surface layers where the emergent radiation is formed must be calculated accurately (see, e.g., Suleimanov et al. 1999 ).
It should also be noted that Eq. (24) disregards the energy transfer through convection. The convection . A thermal instability develops in the zone with partial hydrogen ionization in the accretion disk. Since we consider only the case of stationary accretion, we calculated the disk structure up to the radius R K at which the zone with incomplete hydrogen ionization appears.
The equation for energy release:
The sum of two terms appears on the right-hand side of Eq. (25) . The first term represents the intrinsic energy release in a standard Shakura-Sunyaev disk, while the second term represents the additional energy release due to the absorption and thermalization of direct and scattered X-ray photons in the accretion disk (without irradiation ǫ = 0). To find ǫ dependent on depth z ′ , we use an approximate solution of the X-ray radiation transfer problem (see Eq. (20)).
The equation for the surface density Σ:
5. We find the optical depth τ r from the equation:
The Rosseland opacity in Eqs. (24) and (27) depends on density and temperature: κ r = κ r (ρ, T ). For a given chemical composition, we determined κ r using the Opacity Project tables (Badnell et al. 2005 ).
The equation of state (for an ideal gas) should be added to Eqs. (23)- (27):
We determined the molecular weight µ at the photospheric level of the disk using the Saha formula (for a given chemical composition):
We found the radius R K at which the zone with incomplete hydrogen ionization appeared in the accretion disk from the condition
where µ iH = 0.66 and µ ni = 1.26 are the molecular weights of the material in which only hydrogen is ionized (at the chemical composition specified above) and a completely neutral medium, respectively. We calculated the vertical structure of a stationary disk up to the radius R K .
To solve the system of ordinary differential equations (23)- (29) with (28) and (29), we specified the following boundary conditions at the photospheric level of the disk:
where ρ ph = µP ph ℜT ph ; Σ atm , P atm , Q vis , Q irr are, respectively, the surface density and pressure of the atmospheric layer (see Eqs. (8) and (10)), the total energy release in the disk through viscosity, and the total energy release through X-ray heating of the disk; σ SB is the Stefan-Boltzmann constant. We derived the dependence Q irr (Σ) from the solution of the X-ray radiation transfer problem (see (21)). We have Q irr = 0, Σ atm = 0, for an unirradiated disk and Q irr > 0, Σ atm = 0 for an irradiated disk without an atmosphere. The intrinsic energy release in the accretion disk at radius R is defined by the expression
where the function f (R) is related to the boundary condition at the inner accretion disk boundary. We investigate the outer disk where it can be assumed that f (R) = 1.
Given the boundary conditions (31), we integrated the system of equations (23)- (27) from the photospheric level (z ′ = 0) deep into the disk surface using the Runge-Kutta method implemented in the Numerical Recipes software package (Press et al. 1992 ). The height of the photosphere z ph is a free parameter of the problem and is not known in advance. For an irradiated disk, the total surface density in the disk Σ 0 is another free parameter. We found z ph and Σ 0 when constructing the solution by the method of successive iterations using an additional condition for the energy flux in the central plane of the disk:
3 RESULTS AND DISCUSSION Figures 3-6 present the vertical structure of an irradiated accretion disk (the dependences Q(z), T (z), P(z), Σ(z), τ r (z) and κ r (z)) for two radii, R = 10 10 cm and 10 1 1 cm, and two luminosities of the central Xray source, L X = 0.1 and ,1.0 L Edd . The plots show the following models.
the irradiation of a disk with a completely scattering
atmosphere (κ atm = 0) (thick solid line);
2. the irradiation of a disk with an atmosphere where absorption is approximately equal to scattering for photons with energy E 10 keV (see Eq. (14); thin solid line);
3. the irradiation of a disk without an atmosphere (dashed line);
an unirradiated disk (dotted line).
We considered only the models of a stationary accretion disk, i.e., those satisfying the following condition: the temperature on the disk photosphere should be higher than the hydrogen recombination limit. For this reason, we did not provide the model of an unirradiated disk for the radius R = 10 11 cm and the calculation of an irradiated disk with an atmosphere is shown only for L X = L Edd . On the plots of Q(z) at R = 10 11 cm, instead of model (4) the dotted line indicates the vertical profile of the energy flux due to viscous heating in the disk, Q vis (z), for a completely scattering atmosphere.
Note that the heating of the accretion disk through irradiation at R = 10 10 cm affects up to half of its height. At R = 10 11 cm, irradiation can have an effect on the entire vertical disk structure, up to the central plane. The accretion disk is deeply heated by the scattered X-ray photons, while the direct photons from the central source are absorbed and thermalized in a thin near-surface layer. The heating effect is enhanced significantly in the presence of an extended atmospheric layer above the accretion disk.
Mostly hard X-ray photons, which can traverse a sufficient distance in z coordinate without absorption, are involved in heating the deep layers of the accretion disk. Indeed, as follows from Eq. (17), the mean intensity of X-ray photons at a sufficiently large depth Σ from the surface of a semi-infinite layer is determined by the field of scattered photons:
(32) Figure 7b shows the dependence of the quantity C on X-ray photon energy E and, for comparison, the spectrum of the radiation incident on the disk S(E). Figure 7a shows the characteristic surface density Σ di f (the intensity of scattered radiation with photon energy E at this depth decreases by a factor of e; see (34)) as a function of E. The quantity Σ di f was calculated for the characteristic angle of incidence of the X-ray photons cos θ 0 = 0.1 using an energy dependence of the absorption coefficient like that for a cold gas (Morrison and McCammon 1983). It follows from Fig. 7 that the mean intensity of scattered X-ray photons with energy E=10 ÷ 20 keV is attenuated by a factor of e at a depth Σ di f ≈ 1 ÷ 4 g cm − 2 (which corresponds to an optical depth in the disk for intrinsic radiation τ r ≈ 10 ÷ 40). Therefore, the hard X-ray radiation from the central source (with energy E 10 keV for a cold disk) at the outer disk radius, where the total surface density in the vertical direction reaches Σ 0 ∼ 20 g cm − 2, is capable of heating all disk layers up to the central plane (see Figs. 5 and 6). At the same time, the accretion disk at this radius still remains optically thick, τ r > 100, for intrinsic radiation. In Fig. 8 , the quantities Q/Q vis , T c , T ph and z ph (the ratio of the total flux to the viscous one at the photospheric level, the temperature in the central plane of the disk and on the photosphere, and the height of the photosphere, respectively) are plotted against radius R for various models of an irradiated disk. The radial profiles are shown up to the radius at which a zone with incomplete hydrogen ionization appears in the disk.
We will note the following:
• the difference between the temperatures in the central plane and on the photosphere of an irradiated accretion disk decreases appreciably with increasing radius: from T c /T ph ≈ 4.5 at R = 10 9 cm to T c /T ph ≈ 1.5 at R = 10 11 ÓÍ. At R > 10 11 cm, the vertical structure of an optically thick disk is essentially isothermal.
• Even strong irradiation has no significant effect on the disk thickness at the photospheric level z ph up to the radius where hydrogen recombination begins (and, accordingly, z ph decreases sharply).
• In the case of disk irradiation, the zone with incomplete hydrogen ionization is greatly shifted toward large radii: R K increases by a factor of ∼ 10 in an irradiated disk (with an atmosphere) compared to an unirradiated one.
• For the luminosity of the central source L X = L Edd , the outer radius of a stationary irradiated disk (with an atmosphere) can be R ≈ 6 × 10 11 cm, in qualitative agreement with the estimates of the outer radius in longperiod persistent LMXBs.
• In the model of an irradiated disk with an atmosphere, the problem of heating the outer (R > R K ) cold accretion disk that is screened (see Dubus et al. 1999 ) from the direct photons of the central Xray source is naturally resolved.
CONCLUSIONS
Here, we investigated the vertical structure of the outer accretion disk in LMXBs by taking into account the possibility of the scattering of X-ray photons from the central source in the disk and the atmospheric layer. The atmospheric parameters were taken from Jimenez-Garate et al. (2002) . We reached the following conclusions.
1. We derived simple analytic expressions for the disk heating by scattered X-ray photons using an approximate solution of the transfer equation by the Sobolev method. This approximation has a 10% accuracy in the range of X-ray photon energies E < 20 keV.
2. We showed that the scattering of X-ray photons by free electrons affects significantly the heating of the outer accretion disk in LMXBs. Having been scattered, the X-ray photons with energy E 10 keV incident from the central source at a small angle to the disk surface can penetrate fairly deep into the disk photosphere and can affect significantly the vertical structure of the accretion disk at outer radii. the outer radius of a stationary irradiated disk can be R ≈ 6 × 10 11 cm, in agreement with the estimates of the outer disk radius in the long-period persistent LMXBs GX 13+1 and Cyg X-2.
5. In the model of an irradiated accretion disk with an atmosphere, the problem of the heating of its outer cold (T < 10 4 K) parts, which are screened (see Dubus et al. 1999 ) from the direct photons of the central X-ray source, is naturally resolved. Consider a plane-parallel layer of material with a constant (in depth) absorption coefficient κ on which a parallel Xray flux is incident at an angle θ 0 to the inward normal to the surface. The same flux is symmetrically incident on the lower surface at an angle (180 • − θ 0 ). The azimuth of the incident radiation is zero, φ 0 = 0.
Consider the irradiation of a cold layer with temperature T by X-ray photons with frequency ν, so that the inequality k T ≪ hν is valid; there are no intrinsic energy sources in the layer. We assume the scattering in the medium to be coherent (Thomson scattering). In this case, the intensity of scattered radiation at frequency ν, I(τ , ζ, φ), satisfies the integro-differential equation (see, e.g., Chandrasekhar 1950)
The source function S(τ , ζ, φ) is
where τ is the optical depth in the vertical direction measured from the surface deep into the layer, ζ = cos θ, λ = σ κ+σ is the single-scattering albedo, κ is the absorption coefficient at frequency ν, σ is the scattering coefficient, and
is the phase function. In the case of randomly oriented scatterings, the phase function is a function of the scattering angle alone, x(cos γ),
We consider the scattering by free electrons with the phase function
where
is the second Legendre polynomial. The coefficient x 2 = 1/2 for the Rayleigh phase function and x 2 = 0 for isotropic scattering.
The term S inc in the source function (A2) allows for the single-scattering of the direct radiation incident on the layer:
where I inc (τ , ζ, φ) is the intensity of the direct radiation in the layer::
is the Dirac delta function, and F X is the monochromatic illumination of the area perpendicular to the direction of incidence of the X rays. Thus,
For an approximate solution of the transfer equation for scattered photons (A1), (A2), (A7), we use the method developed by V. V. Sobolev for the problem of diffuse reflection and transmission (Sobolev 1956 ). This approximate method allows fairly simple formulas to be derived for the mean intensity of X-ray photons in a layer J and the albedo A (see below and the textbook by Nagirner 2001).
The intensity I(τ , ζ, φ) and the source function S(τ , ζ, φ) can be written as a decomposition into azimuthal harmonics. For the Rayleigh phase function, we have
(ð10) The mean intensity and flux of scattered X-ray photons in the vertical direction are defined by the zeroth azimuthal harmonic of the intensity I 0 (τ , ζ):
The transfer equation for I 0 (τ , ζ) is
We use the Eddington approximation
where µ Edd is the constant Eddington factor. In the general (more accurate) case, µ Edd changes with z coordinate.
Substituting (A3), (A4), (A7), and (A9) into (A2), using the Eddington approximation (A14), and gathering the azimuth-independent terms, we have for the source function
x 2 = 1/2 in the case of scattering with the Rayleigh phase function and x 2 = 0 in the case of isotropic scattering. Let us integrate the transfer equation for the zeroth harmonic (A13) over ζ with the weight factors 1 and ζ. Applying again the Eddington approximation, we will obtain the following system of differential equations for the functions J and h = H 4π :
Substituting h from (A17) into (A16), we will obtain an inhomogeneous second-order differential equation for the monochromatic mean intensity of scattered photons:
where k = √ 3(1 − λ). Having determined J(τ ), we can find the flux of scattered photons H(τ ) from Eq. (A17):
Interestingly, Eqs. (A18) and (A19) derived by the Sobolev method have the same form for the isotropic or Rayleigh phase function (the parameter x 2 does not enter into the formulas).
A general solution of the inhomogeneous differential equation (A18) should be sought in the form of the sum
where J p (τ ) is a particular solution of the inhomogeneous equation (A18) and J g (τ ) is the general solution of the homogeneous equation
The particular solution of the inhomogeneous differential equation (A18) is
The coefficient D can be found by directly substituting solution (A22) into Eq. (A18):
The general solution of the homogeneous equation (A21) is
We are interested in the case of κ > 0, λ < 1.
Since the problem is symmetric relative to the τ = τ 0 /2 plane, we will obtain
To find the coefficient C, we use the condition at the outer boundary of the layer τ = 0:
This is equivalent to H| τ =0 = −2πJ| τ =0 -there is no externally incident scattered radiation at the boundary of the layer. Substituting (A20) into condition (A26) yields an expression for the coefficient C:
Thus, the mean intensity and flux of scattered Xray photons in the layer at an optical depth τ are
where the coefficients D and C are determined from Eqs. (A23) and (A27), respectively. We emphasize that D is not an independent coefficient; it is related to the coefficient C (see (A27)). We are dealing with a second-order differential equation that has two independent solutions. For the semiinfinite problem, the second solution is ruled out, because it grows exponentially. For a layer with a finite optical depth (τ 0 ), we naturally have a solution with two constants C 1 and C 2 that, in our case, turn into one constant C, because the upper and lower parts of the layer are irradiated symmetrically.
The above expressions for the mean intensity J(τ ) and flux H(τ ) of scattered photons in the layer are so structured that we have an indeterminate form of the type (∞ − ∞) at kζ 0 = 1, λ = λ ⋆ ,
because the denominator of the coefficients D and C becomes zero. Let us evaluate this indeterminate form. At λ = λ ⋆ , the functions J(τ ) and H(τ ) will then have finite values:
e −τ0/ζ0
If the X-ray photons are incident at a fairly small angle (90
• − θ 0 ) to the layer surface, more specifically, (90
• , then the condition kζ 0 < 1 is always met and the denominator of the coefficient D does not become zero for any λ.
It is important to note that there must also be an angle of incidence in the exact solution of the transfer problem with external irradiation where a similar indeterminate form emerges. It stems from the fact that at large angles of incidence the field of scattered photons decreases with depth more rapidly than the field of incident photons, while at small angles the field of incident photons decreases more rapidly.
Thus, the Eddington approximation (µ Edd = 1/3, see (A14)) gives a qualitatively newresu lt (the appearance of an indeterminate form at some critical angle of incidence) in problems with external irradiation. As the critical angle is approached, the constants C and D tend to infinity, but their difference C − D remains finite. Therein lies the deep meaning of the approximate (Sobolev) solution. This result must also be retained in the exact solution of the problem.
The mean intensity and flux in the vertical direction of the direct radiation incident on the layer are
The total mean intensity and flux of X-ray photons in the layer at an optical depth τ (direct and scattered radiation) are
If the X-ray photons are incident at a small angle to the surface, then the direct radiation does not pass deep into the layer, because the exponential e −τ /ζ0 , 1/ζ 0 ≫ 1, decreases rapidly and the radiation field inside the layer is determined by diffuse radiation. The albedo of the layer for X-ray photons is
Substituting H and H inc from (A29) and (A35) yields
1 − e −τ0/ζ0 .
To estimate the accuracy of the derived formulas for themean intensity and flux of X-ray photons (A36) and (A37), we compared the albedos (A39) with their exact values for various angles of incidence of the Xray photons in the case of a semi-infinite medium (τ 0 → ∞). The exact albedos for the isotropic and Rayleigh phase functions were calculated via the Chandrasekhar H-functions (for more detail, see Appendix 3).
The table gives approximate albedos obtained by the Sobolev method for various ζ and λ, and their exact values for isotropic and Rayleigh scattering. We see excellent agreement between the exact and approximate albedos.
A.2 A Plane-Parallel Layer with Two Absorption
Coefficients (Disk+Atmosphere)
Let us divide a plane layer into three zones at the boundary of which the absorption coefficient changes abruptly (see Fig. 1 ): κ = κ a in zones 1 and 3 and κ = κ d in zone 2. The middle zone 2 corresponds to a cold disk, while zones 1 and 3 correspond to atmospheric regions at the top and the bottom. The central plane of the disk passes in the middle of zone 2 and is the plane of symmetry of the problem. Denote the optical depth in the vertical direction in zones 1 and 3 by τ a and the optical depth between the boundary of zone 2 and the plane of symmetry of the layer by τ d (see Fig. 1 ); the total optical depth in the layer is τ 0 = 2(τ a + τ d ).
Inside each zone, we seek a solution of Eq. (A18) with a constant λ: λ =    λ a , 0 < τ < τ a λ d , τ a < τ < τ 0 − τ a λ a , τ 0 − τ a < τ < τ 0 . It will suffice to find a solution in the region 0 < τ < τ 0 /2. Since the problem is symmetric relative to the τ = τ 0 /2 plane, the solution for the symmetric zone τ 0 /2 < τ < τ 0 can be obtained by the change of variables τ ⇐⇒ τ 0 − τ . 
k a = √ 3(1 − λ a ). In zone 2, τ a < τ < τ 0 /2, given the symmetry relative to the τ 0 /2 plane, we have 
